ABSTRACT. We prove an unobstructedness result for deformations of subvarieties constrained by intersections with another, fixed subvariety. We deduce smoothness and expected-dimension results for multiple-point loci of generic projections, mainly from a point or a line, or for fibres of embedding dimension 2 or less.
-the secant or contact conditions are analyzed locally and encoded in certain secant or contact sheaves M on the secant plane or curve L, which control the corresponding deformations;
-the filling hypothesis implies a certain generic spannedness property for M; -L is isomorphic to P ℓ , often even P 1 , the generic spannedness implies spannedness and the vanishing of higher cohomology, whence well-behaved deformations.
This note grew out of an attempt to understand the exciting result of Gruson and Peskine [5] , viewed as a statement about multisecant lines which are mobile enough to go through a generic point of the ambient space. Though our proof is independent of [5] and the connection to it may be hidden, it is nonetheless fundamental. It occurs above all through the following heuristic idea gleaned from [5] :
Uniformity principle: The family of secants to X behaves in the same way at all points off X For example: if L is postulated to contain a k-tuple Z ⊂ X and p Z, we may consider whether under infinitesimal motion of L as k-secant to X, and p with it, p fills up (the tangent space of) the ambient projective space. The uniformity principle says that the answer is independent of the point p. This is a shockingly powerful conclusion: it implies inter alia that if k-secants to X fill up the ambient space, they cannot all meet another variety of codimension > 1, and cannot meet X itself in > k points. This is quite close to saying that the filling k-secants of X are well-behaved.
A (future ?) Google-type search on 'uniformity principle' in Algebraic Geometry is likely to bring up prominently the fact that on a P 1 , a generically spanned vector bundle is spanned everywhere (parenthetically, such bundles also have no higher cohomology). Our idea is that the two uniformity principles are related, the first being ultimately a consequence of the second. Applying this idea to the bundles and sheaves occurring in the deformation theory of secants is the basis for our cohomological/deformation-theoretic approach outlined above.
The paper is organized as follows.In §1 we give some precise definitions of secants and their scheme structure, as well as the notion of 'filling' and its infinitesimal analogue, which requires a little care. In §2 we study finite schemes, especially curvilinear ones, and their deformation spaces.In §3 we study various sheaves related to deformations of secants, which are fundamental for our deformation-theoretic approach. Then in §4,5,6 we prove the aforementioned 3 theorems, along with a few corollaries.
We thank Yeongrak Kim for helpful discussions and the referees for constructive comments and suggestions and stimulating questions that have greatly improved the paper. Hopefully, our indebtedness to the breakthrough work of Gruson and Peskine would be obvious to anyone.
Conventions. In this paper we work over C; sometimes for added generality, we will work in the complex-analytic category (the kind of analytic varieties we have in mind are open subsets of algebraic varieties). If X is an algebraic scheme or analytic space, and a is any negative number, the statements 'X has dimension a' and 'X is empty' are by definition equivalent. Similarly, if X has dimension n ≥ 0 and m > n and Y ⊂ X, the statements 'Y is empty' and 'Y has codimension m in X' are equivalent. We use ℓ to denote the length of a module and ℓ z its local length at a point z. A statement about a 'general' point y of an analytic variety Y is by definition true if it holds for all y in the complement of a nowhere dense analytic subset of Y.
See [13] , [6] , [7] for some foundational results on Hilbert schemes and deformation theory. A more general setting based on the language of Lie theory is presented in [11] and [12] 1. SECANTS AND FILLERS 1.1. Secants. In this subsection, we will define secant loci set-theoretically. Let P be a nonsingular, quasi-projective variety and G a connected smooth open subset of a suitable Hilbert scheme of P parametrizing smooth connected complete unobstructed subvarieties L ⊂ P, to be called flats. In applications, flats L will be mostly isomorphic to P m (often P 1 ). If in fact L ≃ P 1 , it is well known that
In any case, G comes equipped with a tautological family L → G.
Let X be a nonsingular, locally closed subvariety of P, closed in a neighborhood of L. Throughout, P and X will be considered fixed, though L will move. Let X [k] and X (k) denote, respectively, the Hilbert scheme of length-k subschemes of X, and the k-th symmetric product. There is a wellknown cycle (or 'Hilb to Sym') morphism (see [6] §3.2 or [9] , §1.2) 
, L is said to be (k.)-secant to X if the schematic intersection L ∩ X is of finite length and contains a subscheme of type (k.) , and proper as such if L ∩ X itself is properly of type (k.). L is said to be k-secant to X if the length of L ∩ X is finite and at least k (equivalently, L is (1 k )-secant, i.e. properly (l.)-secant for some partition (l.) of weight
denote the locus of pairs (L, z) where z ⊂ L ∩ X, and let S (k.) denote its projection to G. Thus, S (k.) ⊂ G is the locus of flats that are (k.)-secant to X. Note thatS (k.) , S (k.) are closed subsets of G × X [k.] , G respectively and the mapS (k.) → S (k.) is finite-to-one and bijective over the open subset parametrizing Ls such that L ∩ X has length k. Moreover if either L is a smooth curve or k i = 1 for all i, or more generally if the intersections X ∩ L are (locally) curvilinear schemes, then X [k.] has a well-defined structure of smooth closed subscheme of the smooth curvilinear Hilbert scheme P [k] 0 (see §2) in a neighborhood of z, henceS (k.) is endowed with a scheme structure as the pullback of
G is the relative Hilbert scheme. Then S (k.) is endowed with the image scheme structure. Note that
, the intersection L ∩ Xmay have length greater than the weight of (k.) and possibly ∞.
If Y ⊂ P is an analytic submanifold of a tubular (analytic) neighborhood of a fibre L, or germ of one, we denote byS (k.),Y and S (k.),Y the appropriate loci (or schemes) corresponding to deformations of L within Y.
One can similarly define a secant schemeS k , postulating just the total length of L ∩ X, as the pullback of closed subscheme
1.2. Fillers. The working method of this paper is to study filling families by infinitesimal methods, viz. the powerful tools of Grothendieck's deformation theory. There is a certain subtlety involved here, because the filling notion is essentially of global character and meaningful mainly for (quasi-projective) varieties, while deformation theory applies directly to formal completions, hence to germs. That some care is required is illustrated by the fact that a map of point germs can be birational without being smooth at the unique (closed) point.
We are thus led to the notion of 'infinitesimal filling', which serves to bridge between filling notions and infinitesimal methods. 
, and L (k) denote, respectively, the Hilbert scheme of length-k subschemes of L, its open subset consisting of curvilinear schemes, i.e. those of local embedding dimension 1 or less (see below), and the k-th symmetric product. There is a well-known cycle (or 'Hilb to Sym') morphism
Such z is said to be of cycle type (k.), and properly so if the
] is well-understood and has a canonical scheme structure.. We have that L
) is a refinement of (k.) , i.e. obtained by subdividing some blocks. The set of curvilinear schemes properly of type
with basis 1, x, ..., x k−2 . Identifying Def(z) with the set of polynomials
it is stratified by loci D (k.) corresponding to partitions of weight k. If the partition (k.) is written as (l e i i ) with (l.) strictly decreasing, then D (k.) can be identified with the following collection of factored polynomials: 
When z is embedded in a smooth variety, its ideal I z has the form
for a suitable regular system of parameters x 1 , ..., x n ; first-order deformations of I z take the form
The obstructions vanish, because I z is a local complete intersection. The locus of deformations preserving the cycle type, or equivalently, locally trivial deformations, is the (smooth) subscheme given by the condition
For a general, non-local curvilinar scheme Z = ∐ z i , the versal deformation and Hilbert scheme are the product of those for the z i .
Abstract deformations.
Up to a smooth factor, deformations of Z on a smooth variety L are the same as deformations of z on a smooth curve-germ C containing Z as given in the above notation by x 2 = ... = x n = 0. In fact, if Z is properly of type (k.), i.e. has multiplicity exactly k i at p i , and z i denotes the part of Z supported at p i , then the versal deformation Def(Z) of Z as abstract scheme splits as ∏ Def(z i ) . There is a local classifying map from the Hilbert scheme of L:
On the level of 1st-order deformations, this corresponds to the natural surjective map
is the lci normal bundle. Denoting the kernel of this map by N ′ Z,L , the 'locally trivial' normal bundle, and identifying
where T L/Z is the derivations presrving I Z . In particular, the morphism ρ is smooth.
Consequently 
] is finite and birational. In the situation of Theorem 4.1, note that there is an induced map near (L, Z)
). The theorem's assertions are mostly covered by the statement that µ is a smooth morphism, which we will prove in §4. The remaining assertions have to do with the case of intersections that are 'excessive' , i.e. have length > k. To prepare this we next turn to nested pairs of curvilinear schemes.
In [12] one can find a description of the 'tangent complex' of any affine scheme like Z as a differential graded Lie algebra , whose deformation theory as such coincides with that of Z; similarly, when Z is embedded in a smooth scheme L, the normal complex (or sheaf, when Z is a local complete intersection) N Z/L has the structure of 'Lie atom' whose deformation theory is that of embedded deformations of Z in L.
2.4. Pairs. We consider nested pairs of curvilinear schemes (cf. [13] , §4.5 for general flag Hilbert schemes). Proof. The projection in question is a base-change of the projection C d,k → C d , so it suffices to prove the latter morphism is smooth. For this we may work locally on C and assume
Lemma 2.1. Let C be a smooth curve and denote by C
Denote by V d the space of monic polynomials of degree < d in x, identified with the local Hilbert scheme of (x d ) on A 1 , and let
Consider the tangent space at the origin:
This is a k-dimensional subspace. Though V d,k and V k are smooth and k-dimensional, the projection p : V d,k → V k is ramified. The image of the differential at the origin dp : T d,k → V k can be identified as the space of polynomials divisible by x min(d,k−d) and therefore has dimension
The Lemma can be easily extended to the case of an arbitrary smooth ambient variety:
Proposition 2.2. Let X be a smooth variety or complex manifold, and X
0 be the locus of nested curvilinear schemes. The X
0 are smooth. Proof. We can work locally on X at a punctual pair z d ≤ z k and choose local parameters x 1 , ..., x n so that
.., x n ). Then deformations of these are given by
The compatibility condition on local (arbitrary-order) deformations is
The corresponding first-order conditions are
Canonically, we may identify these deformations as follows. Note the canonical map Proof. We define a the secant subsheaf
to consist of those homomorphisms that are compatible with I X , i.e. that map the subsheaf
Thus the secant sheaf consists of (the triple of horizontal arrows in) all commutative diagrams with exact columns 
Assigning the triple of horizontal arrows in(9) to the bottom arrow yields the natural map
which corresponds to the induced deformation of Z as subscheme of X. We define the contact subsheaf N c ⊂ N s as the kernel of the composite map 
where ℓ denotes length and # denotes cardinality. Note c ≥ a. We will prove the following
Proposition 3.2. Notations as in Proposition 3.1, assume further that Z is curvilinear. Then the respective colengths of the secant and contact sheaves are given by
Proof. We work locally at a point where Z has multiplicity k 1 > 1, as the case k 1 = 1 is similar and simpler. There, Z is contained in a smooth curve C ⊂ X, which makes contact of order k 1 with L. We can write C parametrically as
where t is a coordinate on C, y 1 , ..., y m are coordinates on Y, y 1 is a coordinate on L and the y 2 coordinate is conormal to L, i.e. y 2 = 0 on L. Then we can find another set of local coordinates x 1 , ..., x m on Y so that L is defined by x a+1 = ... = x m = 0 and I X is generated by
Note that I X ∩ I L is generated by x a+1 , ..., x c . Then N L/Y ⊗ O Z is given locally by 
From this explicit description the dimension counts (11) follow.
Curvilinear excess case.
Here notations are as in §3.2, but we wish to consider motions of L which keep just part of the (curvilinear ) intersection Z = X ∩ L. 
Proposition 3.3. Notations as in Proposition 3.1, assume L is a closed submanifold of a projective variety P and that Y is an analytic open subset of P. Assume further that Z = X ∩ L is curvilinear, properly of type (k.), let (d.) ≤ (k.) be a partition of weight (d.), and let W ⊂ Z be a subscheme properly of type (d.). Then (i) there exists a sheaf N s L,W supported on L, endowed with a Lie atom structure, and whose formation commutes with localization, which controls flat deformations of the pair (L ⊂ Y, W ⊂ L ∩ X); (ii) there is a natural map γ : N s L,W → N L/Y with finitely supported kernel and cokernel, such that if H 1 (im(γ)) = 0 then the deformation space controlled by N s L,W is smooth of its expected dimension, which is h
be the subspace where W deforms locally trivially, i.e. W ′ is (abstractly) isomorphic to W. Locally at a point p 1 ∈ W, deformations of L can be described as above by
Note that local coordinates on X are x 1 , x c+1 , ..., x m−1 Deformations of W in X are described by sections of the normal sheaf N W/X , a free O W -module, or more concretely by
The compatibility of the two means (cf. §2.4) 
Canonically, as in §2.4, especially (8), 
we get an exact sequence
where A, B are respectively the kernel and cokernel of the map
By an elementary computation from the explicit description above, we get As the mapping cone of τ, this again has the structure of SELA [12] , and the inclusion
Thus we have an exact diagram 
where A ct ⊂ A s has local colength 0 if ℓ p i (A c ) < d i and 1 otherwise, and the same for the colength of
SECANT RATIONAL CURVE THEOREM
We will use the notation and definitions of §1. Proof of Corollary. Dimension count. More specifically, let (k.) be the unique partition such that L ∩ X is properly of type (k.). Then the partition (k.) is obtained from (m.) by a succession of -removing a wall, i.e. uniting two blocks, thus preserving total weight while reducing the number of blocks;
-increasing the size of a block, thus increasing total weight and preserving cardinality of support.
Hence Asserion (iii) follows from the fact that N ct is globally generated. For (ii) we will similarly use Proposition 3.3 (and its notations) in lieu of 3.1. Our assumptions imply that im(γ) is a direct sum of line bundles of nonnegative degree, hence again H 1 (im(γ)) = 0 so we conclude as before the smoothness ofS (d,) ,Y at (L, W) for all possible subschemes W.
Because W is properly of type (d.), the fibre of the projectionS
, the projection is unramified, hence the normalization is smooth. Remark 4.5. As the referee points out, the argument above using Lemma 1.4 replaces an inductive argument used in a similar place by Gruson and Peskine in [5] . Example 4.6. As an obvious example, one can consider a (2, d) complete intersection X ⊂ P n+2 , d ≥ 3. Is has an oversize family of d-secants, namely the lines in the quadric, which form a (2n − 1)-dimensional family. Of course, this family is not filling for P n+2 .
Example 4.7. Consider a plane X = P 2 ⊂ P 3 and a transverse twisted cubic L ⊂ P 3 . Viewing things in P 5 , let Y be a generic quadric containing X ∪ L. This is easily checked to be smooth. The normal bundle N L/Y is of type (4, 3, 3) and the secant bundle with respect to X is of type (3, 2, 2). The family of trisecant twisted cubics to X in Y is unobstructed of dimension 14.
Example 4.8. For the (smooth) projected Veronese X ⊂ P 4 , there is a unique trisecant line L through a general point of P 4 (see [5] , §5). Each point of L ∩ X is general on X.
PLANAR FIBRES
5.1. Statement. The main difficulty in extending Theorem 4.1 to higher-dimensional secant flats and projections from (generic) higher-dimensional centers lies with the complexity of the finite schematic intersection X ∩ L, which a priori is as ill-behaved as any finite scheme. This difficulty is still manageable when X ∩ L is locally planar, i.e. has embedding dimension 2 or less (e.g L itself is 2-dimensional). This is due to Fogarty's theorem [4] about the smoothness of the Hilbert scheme of a smooth surface, and its consequence, Lemma 5.7 below, which shows that the secant sheaf N s has the expected colength in N L . Accordingly, we are able to prove Theorem 5.1 below, which extends Theorem 4.1, essentially, for ambient space P N and locally planar fibres, such as those which occur upon projection from a generic line Λ (i.e. have the form X ∩ L where L is a plane containing Λ). 'Essentially' means we are able to control the locus of fibres of given length but not those of given cycle type. Note, as a matter of terminology, that by 'locus of fibres' of a map we mean locus of point-images of fibres, a locus in the target of the map.
For a subvariety X ⊂ P m and a linear λ-plane Λ disjoint from X, we denote by X Λ k ⊂ P m−λ−1 the locus of fibres of length k or more of the projection
Thus, X Λ k is the locus of (λ + 1)-planes containing Λ and meeting X in a scheme of length k or more. We denote by π λ , X λ k the analogous objects corresponding to the generic Λ. Remark 5.3. The local planarity hypothesis is of course automatic when λ ≤ 1 with the case λ = 0 being due already to Gruson-Peskine [5] . Alzati [1] applied the Gruson-Peskine theorem to knormality of codimension-3 subvarieties of P m . Subsequently, Alzati (pers. comm.) was able to apply Theorem 5.1, together with the method of [1] to obtain a stronger result on k-normality, namely: a smooth, codimension-3 subvariety X of degree d and dimension 3 or more in P m is k-normal provided Proof of Corollary. It suffices to prove the planarity assertion. If projection from Λ has a fibre of embedding dimension 3 or more at x ∈ X, then dim(Λ ∩ T x X) ≥ 2. An elementary dimension count shows that the locus of Λ satisfying the latter incidence for some unspecified x ∈ X is of dimension at most 4n
which is less than (λ
Remark 5.5. Notations as above, a similar dimension count shows that whenever λ < min(c, c + e − n/(e + 1)), (27) any fibre of the generic projection of X from a λ-plane either has embedding dimension at most e or it meets the singular locus of X. (ii) Planarity is automatic and the fibres of greater length have greater codimension.
(iii) The codimension is too big.
(iv) Immediate from (26).
5.2.
Proof of Theorem 5.1. Our point of view again is that a fibre of π λ comes from a (line, plane) pair (Λ, L) which is so mobile that Λ is a generic P λ in P m (such a pair may be said to be 'infinitesimally filling with respect to Λ'). The proof of Theorem 5.1 is a simple consequence of the two lemmas that follow. Each of them is stated in somewhat greater generality than is required. The hard part is dealing with the local complexity of the finite scheme L ∩ X. Proof. Working locally at a point z of Z, is will suffice to prove that the local colength of N s is ℓ z (Z)(c − 2). Now N s is the kernel of the natural map
The latter clearly has length ℓ z (Z)(ν − λ − 1), ν = dim(P). Now we have an exact sequence
and
Now the latter has length ℓ z (Z) dim(X) due to the fact that Z is a smooth point of the Hilbert scheme of X, since it has embedding dimension 2 (an easy consequence of Fogarty's theorem on smoothness of the Hilbert scheme of a smooth surface, see [4] or [6] , Cor. 3.4). Therefore locally the image of
In the following Lemma we consider a sheaf M on L (notations as above) such that M ⊗ O Λ admits a natural map from N Λ/P N . We will say that 'H 0 (M) moves infinitesimally with Λ' if, given any Proof. By assumption, Λ moves as a generic P λ of P ν as X is fixed, (in particular Λ ∩ X = ∅). It follows first that M ⊗ O Λ = (ν − λ − 1)O Λ (1). Our assumption that H 0 (M) deforms infinitesimally with Λ means that in the diagram
the image of the vertical map is contained in that of the horizontal map. Since the vertical map is obviously surjective, we conclude that the natural map Remark 5.9. It seems likely that a general locally planar secant L ∩ X of given length k is actually reduced and perhaps even in uniform position or, if X is non-degenerate, in general position within L. We have no proof of this. However in the curvilinear case, L ∩ X is reduced, as proved in the next section.
THE CURVILINEAR CASE
In this section we will prove a (full, with contact conditions) generic projection theorem for centers of any dimension and fibres which are curvilinear. For X, Λ as above, we denote by X Λ (k.) the locus of (point images of) curvilinear fibres of type (k.) disjoint from the singular locus of X, and let X λ (k.) denote X Λ (k.) for Λ generic of dimension λ. Proof of Theorem. The proof is essentially identical to that of Theorem 4.1, using Lemma 5.8 to substitute for the appropriate secant and contact sheaves being direct sums of line bundles of nonegative degrees. 
